The Emden-Fowler equation of index n is studied utilising the techniques of Lie and Painlevé analysis. For general n information about the integrability of this equation is obtained. The link between these two types of analyses is explored. The special cases of n = −3, 2 are also examined. As a result of the Painlevé analysis new second-order equations possessing the Painlevé property are found.
Introduction
The Emden-Fowler equation [41, 15, 20, 21, 22, 23] has attracted much attention over the years. Wong, in his review of 1976 [61] , contains over 100 references, but even these were selective. Subsequently a plethora of papers has appeared devoted to a study of this ubiquitous equation. The most general form studied today 2 is
However, it is well-known [52] that a Kummer-Liouville transformation [40, 48] converts (1.1) into standard form, videlicet
It is this form of the equation to which we confine our analysis. Equation (1.2) has become increasingly important as it arises in the modelling of many physical systems.
It is perhaps best known for its occurrence as the quintessential equation in the study of the shear-free spherically symmetric perfect fluid motion in Cosmology when n = 2 [59, 51, 32, 28] .
We study (1.2) from the viewpoints of Lie symmetries and the Painlevé analysis. In general (1.2) does not possess any Lie point symmetries nor can one easily say anything about its possession of the Painlevé property. However, for an appropriate f (x) (1.2) does possess at least one Lie point symmetry. We analyse (1.2) for these instances and also consider the conditions for it to possess more than one Lie point symmetry, thereby enabling the reduction to quadratures. (See also in this respect [7, 8] .) In addition we show under what conditions (1.2) (with only one Lie point symmetry) can be reduced to quadratures.
We also undertake a Painlevé analysis of (1.2) (suitably transformed) and discuss its possession of the full Painlevé property. We comment on a possible link between possession of the Painlevé property and explicit integration of the equation. Our interest is in the relationship between the equation possessing the Painlevé property and the evaluation of the quadrature to which it is reduced via the Lie analysis. We also consider the special cases of n = −3, 2 and show how these values affect the analysis.
We noted above that the Emden-Fowler equation has attracted much attention over the years. A paper of some particular relevance is that by Euler [17] since there symmetry and singularity analyses are used. In Section 5 we provide a comparison of the two works.
Lie Analysis
An nth-order differential equation
is said to possess the Lie point symmetry
where [50] 
is the nth extension of G needed to contend with the nth derivatives of y in (2.1). Note that we are restricting our analysis to scalar ordinary differential equations. The concept of Lie point symmetries applies equally to systems of equations and to partial differential equations. In those instances the ξ, η, x and y take suitable indices. (See eg [9, 54] .) The action of G [n] on (2.1), ie (2.3), gives a system of linear partial differential equations which is solved to obtain G. Thereafter G can be used either to transform (2.1) appropriately (usually into autonomous form) or reduce the order. The aim, of course, is to reduce the nth-order equation to zeroth order.
In the case of the Emden-Fowler equation
it is easily verified that ξ and η in (2.2) must have the form
We therefore begin the Lie analysis of (2.5) by assuming the form
for a symmetry of (2.5). The action of G [2] on (2.5) results in the system
(These are obtained by equating coefficients of different powers of y ′ and y to zero.) We immediately integrate (2.12) to obtain 13) where k is the constant of integration, and observe that d in (2.9) is zero. Thus (2.11) is identically satisfied. Note that (2.9) and (2.10) coalesce in the case n = 2 and c and f are related via d (See (4.8).). Note also that (2.8) can be rewritten as
which is special in the case n = −3 and k = 0. We return to these cases later. The cases n = 0, 1 are equivalent as the equation is then linear. Linear second-order differential equations have eight Lie point symmetries which form the Lie algebra sℓ(3, R). (See [30] for a recent proof and references therein.)
For general n we write (2.14) as
The differential equation for a is (from (2.10) and (2.13))
Equation (2.5) has the symmetry
Using the transformation
we rewrite (2.5) in autonomous form, videlicet
where
results in an Abel's equation of the second kind, videlicet [54] . We therefore further examine (2.22) to determine under which circumstances it possesses two point symmetries.
where we have removedd(X) in the coefficient of ∂ Y since the form of (2.22) implies d(X) = 0, we require
where we have rewritten (2.22) as N (Y, Y ′ , Y ′′ ) = 0. The operation (2.27) results in the systemc
The functionc is determined from (2.28), videlicet
The differential equation forã now becomes (via (2.29) and (2.32))
and soã is given bỹ
Equation (2.30) now becomes the consistency conditioñ
If we invoke (2.33), (2.35) is only satisfied if
This implies
which further implies that the equation for a, videlicet (2.18), has real roots! From (2.26) and (2.34), (2.22) has the two Lie point symmetries
provided (2.38) holds.
Under the transformation 
We can now evaluate f as
Equation (2.42) can be reduced using X 2 and then X 1 to the quadrature
where X 0 and K 1 are arbitrary constants of integration.
Remark: We observe that (2.22) can also be reduced to quadratures in the case k = 0. This suggests that a group theoretic approach [47] is not applicable in this case. However, an extension of the Lie theory to nonlocal symmetries [29] reveals that
possesses an additional (nonlocal) symmetry. The function f now becomes
(See also [37] for a treatment of the two-symmetries case for f = x m .)
Thus for (2.5) to be reduced to quadratures f must be given by (2.16), a by (2.18) and (2.38) must hold.
Painlevé Analysis
From §2 it is evident that the Lie theory of differential equations (and its extensions) is rather exhaustive in its treatment of the Emden-Fowler equation. We now investigate its possession of the Painlevé property to determine whether any further interesting information can be obtained. (See the excellent report [14] for a lucid introduction to this technique of analysis.) An ordinary differential equation is said to possess the Painlevé property if its general solution has no critical points [14] . When one considers the evidence encountered in the literature, it is conjectured that an equation possessing the Painlevé property is integrable in the sense that it possesses a solution which is analytic away from isolated movable polelike singularities 3 . The method of analysis we employ is not due to Painlevé [56] , but was introduced in 1889 by Kowalevski [38, 39] . It is the method of polelike expansions that has recently been popularised by Ablowitz et al [1] .
Before we proceed with the analysis some comments are in order. It is well-known that Painlevé worked on the classification of second-order ordinary differential equations of the first degree to determine those which possess the Painlevé property (though he presumably did not term it so). The work, completed by Gambier [24] , constitutes a complete classification of all first-degree second-order differential equations that are rational in the both the dependent variable and its first derivative and analytic in the independent variable. However, we note that (2.42) does not naturally fall into the classes of equations listed in [24, 35] as i) n can be rational and ii) these lists are complete up to a homographic transformation. Thus a Painlevé analysis of (2.42) should highlight interesting properties of this equation.
Having motivated the need for the Painlevé analysis of (2.42) we study the equation in the form
where the K in (2.42) has been removed through the rescaling of y. The analysis essentially involves assuming a Laurent series expansion for the dependent variable about some point x − x 0 . The procedure has three accepted parts 4 . The first is the determination of the leading-order behaviour by the substitution of
where α and p are constants to be determined and
where x 0 is the location of the putative movable pole, into the equation of interest. After the calculation of p and α the expression
is substituted into the dominant terms of the equation to determine the indices i (at which the remaining constants of integration arise) by requiring that the coefficient of terms linear in β is zero. Finally the truncated Laurent expansion
is substituted into the original equation to verify that no incompatibilities occur that violate the arbitrariness of the constants of integration which arise at the indices.
The substitution of (3.2) into (3.1) yields
with both terms in (3.1) being obviously dominant, and (3.4) into (3.1) yields
The −1 is to be expected [14] and the second constant of integration (in addition to x 0 ) arises as the coefficient of χ 2(n+1)/(n−1) in the Laurent expansion for y. Note that for the implementation of the method p in (3.6) must be a negative integer. This arises for the values n = 2, 3. The nongeneric index arises at i = 6, 4 respectively. We do not need to substitute the truncated Laurent expansion into (3.1) to check for incompatibilities at the index as all the terms in (3.1) are dominant and this suffices for an equation of the second order [19] . We note that (2.47) can be easily evaluated for these values of n.
For n = 2, 3 p and i are rational and the possibility that the solution of (3.1) possesses algebraic branch points exists. However, we can transform the denominator of p away by setting either
The transformation (3.9) is homographic (and thereby preserves the Painlevé property [14, 24] ). Consequently there is no need to analyse further the effect of this transformation.
While (3.8) is not homographic, it does preserve the polynomial form of (3.1) (for integer n) and so is an acceptable transformation [14] . The equation becomes
Two cases arise:
Case ii) arises in the instance that the two derivative terms in (3.10) are dominant only. However, this is equivalent to only the first term in (3.1) being dominant and so is discussed no further in terms of (3.1). In case i) i is a positive integer only when n = −3, −1, 2, 3, 5 (with the corresponding i values 1, 0, 6, 4, 3 respectively). The case n = −1 can be immediately discounted as i = 0 implies that α is arbitrary. However, we note that α, in case i), is fixed (and is in fact zero!). This points to the introduction of logarithmic terms in the expansion for Y which violates the integrability of (3.10) in terms of analytic functions [58] .
In terms of (3.10) as an equation in its own right it is of interest to examine the family p = n − 1. For n = 2, 3, 5, p > 0. Ordinarily this would suggest the transformation
to make p negative. However, as we have specific values for n we can resort to looking up the appropriate equations in [24, 35] . We find that the equations corresponding to n = −3, 2, 3, 5 are equations (22), (2), (18) and (21) of [24] respectively. Thus (3.10) has the Painlevé property for n = −3, 2, 3, 5.
Note that, as n is a physical constant related to the ratio of specific heats in the astrophysical context [42] , it can be rational. In the subsequent analysis we expressly ignore integer n. A study of the relationship (3.6) reveals that p is a negative integer for(3.7)). This points to (3.1) possessing the full Painlevé property. In this instance we do not have recourse to the lists in [24, 35] as these are concerned with rational functions of the dependent variable. It should be noted that no such restriction was originally intended by Painlevé [56, 55] . We do not have to substitute the truncated Laurent expansion (3.5) into (3.1) to verify that no incompatibilities arise at the index as both terms are dominant. Thus we introduce equations of the form
equally
into the literature as part of the class of second-order ordinary differential equations possessing the Painlevé property.
4 The special cases n = −3, 2
We have seen above that in the case n = −3, 2, (1.2) can be reduced to a quadrature that can be evaluated. However, these cases have a deeper significance that the Lie analysis in §2 did not reveal.
For n = −3 and k = 0 we solve (2.14) to obtain
whereK is an arbitrary constant. The solution for a (obtained from (2.10) and (2.13)) is
with c given by
and d = 0 as before. Equation (1.2) now has the form
which is the well-known Ermakov-Pinney equation [16, 57] , and has the three Lie point symmetries
which form the Lie algebra sℓ(2, R). (See also [43, 36, 46] .) This Lie algebra is not solvable, but as we are only concerned with a second-order equation, it is sufficient to reduce (4.4) to quadratures.
For n = 2, (2.9) and (2.10) coalesce into
The equation (2.11) causes our analysis to separate into two cases. In the case d = 0 the analysis for general n applies. We observe that the functions f for which (1.2) can be integrated fall into the class given by Srivastava [59] .
The case of d = 0 has two further subcases. The first is of constant d, ie d = D 0 . In this case f is given by
from (2.12). To find the explicit form for f in (4.9) we need the function a which is obtained by solving
For γ = 0 (4.11) has three symmetries and can be formally integrated 5 . When γ = 0, there are only two symmetries and (4.11) can only be partially integrated.
In the case d = D 0 + D 1 x, f has the same form as in (4.9). The equivalent of (4.11) is now
we rewrite (4.12) as (with primes denoting differentiation with respect to η)
which has the same form as (4.11 Given a solution to (4.11) we can find f using (4.9) and subsequently transform (1.2) to autonomous form. The resulting equations are of the form (2.22) and the analysis that follows (2.22) applies.
However, we still need to solve the equation for a. We firstly consider eq (4.11) with γ = 0:
In spite of the fact that (4.15) only has the three symmetries [33]
we can reduce it to quadratures via a symmetry reduction. If we reduce (4.15) using G 1 , G 2 and G 3 in turn, we obtain an Abel's equation of the second kind, the solution of which is unobvious. The proper route to the reduction is via hidden symmetries [2, 3] .
The reduction of (4.15) via G 1 results in
A Lie analysis of (4.17) produces three instead of the expected two Lie point symmetries, videlicet
The 'new' point symmetry G ′ 3 is not a descendant of any of the point symmetries in (4.16), but comes from the nonlocal symmetry [4] 
and is hence a Type II hidden symmetry [2] . This hidden symmetry is the appropriate one for further reduction of (4.17). Using
we obtain
which is trivially solved. Reversing the transformations we obtain
where K, L, P and Q are constants of integration and
It is interesting to note that the trivial cases of setting all except one (in turn) of K, L, P and Q to zero produce functions f that are subclasses of that of Srivastava [59] .
When γ = 0, equation (4.11) has only the two point symmetries
Unfortunately reduction using G 1 does not produce any hidden symmetries. However, it is of interest to test (4.11) for integrability using the Painlevé analysis. In spite of transforming (4.11) to a suitable form for the analysis, we find that one of the indices occurs at 0 and the other at −1(1 + 2a p )/2, where a p is the coefficient of the pole. To pass the Painlevé test i must be (at least) rational. This fixes a p which contradicts the implication of i = 0 that a p is arbitrary. The analysis can only be continued by introducing logarithmic terms into the expansion. Thus (4.11) does not possess the full Painlevé property. It has been observed [27] that some information about the partial solution of (4.11) can be obtained from considering the different families of expansions for y. This information is naturally contained in (4.23).
Discussion
The Emden-Fowler equation
has been shown to be integrable (for certain functions f (x)) for all n (including rational values) by considering a Lie analysis. It was further shown that, if (5.1) possesses two Lie symmetries, it can always be transformed to
(Of course (5.1) can be reduced to quadratures if it has two point symmetries. We mention the transformation to (5.2) so that comparison can be made with the Painlevé property.) This point must be emphasised -all Emden-Fowler equations with two symmetries (which form the Lie algebra A 2 ) can be transformed to (5.2) and the solution to the original equation is obtained from the solution of (5.2) via the same transformation.
The Painlevé analysis of (5.2) reveals integrability only for restricted values of n. It is remarkable that, only for these restricted integer values, the quadrature (2.47) can be evaluated. This does reinforce the close relationship between the Lie and Painlevé analyses observed previously [28, 45, 49, 5, 6] . In the case of rational n, it was shown that, for specific values of n in the range (1, quadrature (2.47) cannot, as yet, be evaluated for these values, noting the results in [60] and [10] we believe that the evaluation thereof is only a matter of time and effort.
In the Introduction we stated that we would compare the present paper with one of Euler [17] which commences with an equation of the same form as our (1.1) 6 . One notable difference is the discussion by Euler of the transformation of (1.1) in the case of n = 3 into a special case of the second of the equations for the Painlevé transcendents. Since the transformation is point and the Painlevé six are notorious for the general absence of Lie point symmetries, there is no question of an overlap between the material of the two papers in this respect since we are concerned with the existence of at least one Lie point symmetry.
In our analysis we immediately reduced the general form of (1.1) to the normal form, (1.2), by means of a standard point transformation. Euler keeps the general form. For us the essential properties of (1.1) are encapsulated in (1.2). For Euler it is important to maintain a direct link with the source equation. The difference in approach is a matter of philosophy. Euler does not want an additional, possibly difficult to evaluate, transformation to intervene whereas we are concerned with clarity. We believe that both philosophies have their proper places in the literature.
Another point of departure between the two papers is that Euler devotes a considerable proportion of his paper to the question of the linearisability of (1.1) by means of a nonpoint transformation since it cannot be linearised by means of a point transformation (See also [26] in this regard.).
It should not come as a surprise that the analysis of the Lie point symmetries of Euler's (1.1) and (1.2) display similarities in results. Naturally his conditions are more complex since he has kept the original three functions of time and we have reduced the discussion to just the one essential function, the coefficient of y n in (1.2). One must note that the keeping of the three functions does lead to a greater complexity of expression for the conditions on the functions and thus there is a concomitant increase in the possibility of error. For example [17, p 327 ] the solution given for f 3 (t) at the bottom of the page is manifestly wrong. The condition imposed on f 3 is simply a transformation of a variant of the Painlevé-Ince equation. Generally the equations for f 3 look more complicated and those which are given without ellipses may be interesting to study in their own rights.
What is not addressed by Euler [17] is the singularity analysis which is at the core of the present paper. In particular we have extended the class of Emden-Fowler equations for which the singularity analysis does present new results and we have related these with the ease of the performance of the quadrature to determine the solution of (1.2) in cases that it possesses two Lie point symmetries.
The method used to implement the Painlevé analysis in this paper was that of 'polelike' expansions. While it is a convenient mechanism, it does contain certain pitfalls into which the unwary practitioner may fall. We caution here against the requirement of negative p for the order of the pole. This requirement is frequently the first step in the analysis and suggests an immediate transformation of the equation under consideration when p is positive. While the resulting equation may possess the Painlevé property, it must be noted that it could well fall outside the class of equations listed in [24, 35] . The reason is simple: these lists of equations do not insist on negative p! An example is the case n = −3 considered in §3. Equation (3.10) possesses the full Painlevé property, but does not occur in [24, 35] in its present form. Invoking (3.11) results in an equation that does arise in [24, 35] with p now being positive. Thus due caution must be observed in the implementation of the algorithm and the analysis of the results (See also [34] in this respect.). It is little wonder that Painlevé did not see the need for 'le procédé connu de Madame Kowaleski' [55] .
We finally note that the Painlevé analysis was restricted to equations of the form (5.2) by requiring that (5.1) possess two Lie point symmetries. However, noting that some of the equations in [24, 35] do not possess at least two Lie point symmetries, the investigation of the equation in the form (5.1) would be of some interest. Work on this already been started [13] .
